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We propose a method for s6rting electrons by orbital angular momentum (OAM). Several methods
now exist to prepare electron wavefunctions in OAM states, but no technique has been developed
for efficient, parallel measurement of pure and mixed electron OAM states. The proposed technique
draws inspiration from the recent demonstration of the sorting of OAM through modal transforma-
tion. We show that the same transformation can be performed with electrostatic electron optical
elements. Specifically, we show that a charged needle and an array of electrodes perform the trans-
formation and phase correction necessary to sort orbital angular momentum states. This device
may enable the analysis of the spatial mode distribution of inelastically scattered electrons.
I. INTRODUCTION
Electrons scattered by an interaction with matter, such
as from individual atoms, molecules, or materials, ac-
quire a spectrum of energies, linear momenta, and spin
polarizations. Information about the event is encoded in
these various degrees of freedom by the electron’s wave-
function. Recently, several groups demonstrated control
of the orbital angular momentum (OAM) of freedom of
free electrons [1–3]. Myriad techniques for generating
electron OAM states now exist, including material and
magnetic spiral phase plates [1, 4–6], phase [7–9] and am-
plitude [2, 10] diffraction gratings, and mode conversion
[11]. Exchange of OAM between a target specimen and a
fast electron could provide information about the struc-
tural chirality [12, 13] and out-of-plane magnetization of
the target [14–16]. In these applications of electron or-
bital angular momentum, the electron beam can scatter
to many different final orbital angular momentum states.
These applications can therefore offer more information
with measurement of the final orbital angular momen-
tum distribution. No orbital angular momentum mea-
surement techniques exist that can efficiently and quan-
titatively measure the final orbital angular momentum
distribution.
In 2010, Berkhout et al. [17] demonstrated a new
method to efficiently sort OAM states of light using four
refractive optical elements. The apparatus transforms
an azimuthal phase at the input into a linear phase at
the output, such that OAM components at the input
are mapped into separate linear momentum states at
the output. This ability to measure superpositions and
mixed states of optical OAM enables parallel orbital an-
gular momentum measurement. The apparatus has been
rapidly employed for a range of optical applications in
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both fundamental research [18, 19], quantum information
[20], and communications [21, 22]. As shown in the left
side of Fig. 1, the apparatus consists of a phase unwrap-
per, a lens, and a phase corrector. As shown in the left
side of Fig. 1, the apparatus is based on two custom-
made non-spherical refractive optical components, the
phase unwrapper U and the phase corrector C, with two
lenses L1 and L2 used to the Fourier transform the out-
put of each.
The first optical element (element U in Fig. 1) is a log-
polar transformer[23] that transforms a set of concentric
rings at the input plane into a set of parallel lines at the
back focal plane of the lens. The phase profile of this
unwrapper element is described by Eq. 1 in[17]:
ϕu(x, y) =
d
λf
[
x arctan
(
x
y
)
+ y − y ln
(√
x2 + y2
b
)]
,
(1)
where here we adopt a coordinate system rotated from
[17], d is a lengthscale associated with the output optical
distribution, and f is the focal length of the first lens L1
following the phase unwrapper U. A plot of the phase
distribution for this lens are shown in Fig. 2.
II. ELECTROSTATIC OAM UNWRAPPER FOR
ELECTRONS
To imprint the phase profile described in Eq. 1 onto
an electron wavefunction, one could use either refractive
or diffractive wavefront-shaping techniques. In light op-
tics, there are established methods for fabricating custom
phase plates out of transparent material such as glass.
However, while thin film phase plates for electrons are
possible [6], they contaminate easily and are difficult to
fabricate. Finally, no material is sufficiently electron-
transparent to imprint the large phases required for sort-
ing OAM. Arbitrary electron phase profiles can be im-
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2Figure 1. Schematic of the optical arrangement of OAM-
sorting devices for (a) light and (b) electrons. Different OAM
states are shown in different colors. Mixed OAM states are
incident on the top of both systems each of which consists of
four elements. A phase unwrapper element U in the front focal
plane of a lens L1 is followed by a phase corrector element C in
the back focal place of L1. For electrons, the proposed element
U is a charged needle or knife edge, and the corrector element
C is an array of electrodes with alternating bias. Immediately
after the corrector element C, different OAM components are
separated in momentum space. At the bottom of each device,
a Fourier-transforming lens L2 separates OAM components
into different spots in real space at the output.
(a) (b)
Figure 2. Phase profiles of the (a) unwrapper element U de-
scribed in Equation 1 and (b) the corrector element C de-
scribed in Equation 4. Both plots use parameters expressed
in Table I.
printed holographically using nanofabricated diffractive
optics [7, 8]. However, the smaller but still significant
inelastic scattering in the material, the small diffraction
angles, low diffraction efficiency, and finite size of the
diffractive structures make the use of such holograms for
an OAM mode sorter impractical.
Instead, a relatively simple electrostatic phase plate
consisting of a charged needle and a conductive plate
can be used to imprint a phase equivalent to Eq. 1 onto
a charged particle wave. The phase that the tip of a
charged needle imparts to an electron has been studied
previously by several different groups [24–26]. Matteucci
et al. [24] calculated this analytically by first consider-
ing the electrostatic potential V (r) around an infinitesi-
mally thin wire of finite length and uniform charge den-
sity placed a distance h away from a flat conducting plate.
The spatially varying phase shift a potential V (r) imparts
to an electron plane wave of energy E and relativistically-
corrected wavelength λ traveling in the +z direction can
be calculated by the integral
ϕ(r) = CE
∫ ∞
−∞
V (r)dz, . (2)
where CE is a constant that depends only on the energy
of the beam [27] (CE = 6.53 mrad V
−1 nm−1 for 300 keV
electrons).
In Appendix A, we adapt Matteucci et al.’s result
(Equation 4 in [24]) for the purpose of imprinting Eq.
1. We show that if the electron beam is localized around
the needle tip nearest the plate electrode, and the length
of the needle and its separation from the plate are suffi-
ciently large, this arrangement imprints the appropriate
unwrapping phase for sorting electron OAM:
ϕtip(x, y) =
QCE
2pi0L
[
x arctan
(
x
y
)
+ y ln
(√
x2 + y2
L
)]
+ϕ0,
(3)
where L is the length of the needle and ϕ0 is a uniform
phase common to all paths.
We also note that an extended knife edge electrode
could potentially be used instead of a charged needle.
The 2D electrostatic potential of a semi-infinite plane of
charge with it’s edge along the z-axis has the same func-
tional form as the desired unwrapper phase ϕu(x, y) (see
Chapter 7 in [28]). Thus, a knife-edge electrode aligned
with the optical axis could provide an alternative design
to the needle, if the length were long enough such that
phase introduced near the beginning and end of the elec-
trode were negligible.
III. ELECTROSTATIC PHASE CORRECTOR
FOR ELECTRONS
The phase unwrapper element is followed by a con-
ventional electron lens system (L1). Simulations of the
electron wave function in the back focal plane of this
intermediate lens show that there are large variations in
the phase due to the unwrapping operation. These phase
variations must be removed by a second optical element
to reveal the subtler OAM-dependent differences. This
phase corrector (Fig. 2) is described by the following
phase profile:
3(a)
(b)
Figure 3. (a) Top-view cartoon of charged needle and ground
plate used to produce the unwrapper phase. Electrons passing
into the device near the right end of the needle will acquire the
phase described by Eq. 3. (b) Top-view cartoon of example
electrodes that could be used to produce the corrector phase,
4. Alternating very high (Vc0) and very low (−Vc0) voltages
at the boundary at u = 0 produce a sinusoidal potential in
the v-direction. Alternating weakly high (Vc1) and weakly
low (−Vc1) voltages at the boundary at u = u1 produce an
exponential decay in the u-direction. The electrodes at u = u1
aren’t physically necessary, as we show in Fig. 9b
ϕc(u, v) =
bd
λf
exp
(
−2piu
d
)
cos
(
−2piv
d
)
, (4)
where the lengthscale b describes the separation of OAM
components at the output and f is also the focal length
of the second Fourier-transforming lens L2.
Electrostatic elements can also be employed to imprint
this corrector phase. As the phase distribution is a so-
lution to Laplace’s equation in 2D, i.e. ∇2ϕc(u, v) = 0,
we see that an electrostatic potential in 2D can take this
form. We can approximate the 2D potential solution in
3D with a potential that varies slowly in z. Specifically,
we can apply ϕc(u, v) to an electron with a set of alter-
nating electrodes, as shown in Fig. 3. As long as the
longitudinal height D of the electrodes is much longer
than the period d (see Appendix C), and the thin grat-
ing condition, λD  d2 is satisfied, the variation of the
potential in the longitudinal direction is negligible over
the depth. The corrector phase can be written as
ϕc(u, v) = CEDVc0 exp
(−2piu
d
)
cos
(−2piv
d
)
. (5)
We see that we get the appropriate ϕc (Eq. 4) if
CEDVc0 =
bd
λf and Vc1 = Vc0 exp
(− 2piu1d ). Further anal-
ysis (Appendix C) shows that it could be practical to
replace the reference electrodes (held at ±Vc1 in Fig. 3b)
by a single plate, or even remove this reference surface
altogether.
The final spacing between modes is
∆t =
λf
d
. (6)
Lavery et al. separated orbital angular momentum states
of light with a wavelength of λ = 632.8 nm, lens focal
length f = 300 mm, a corrector period d = 8 mm and
therefore an unmagnified separation of ∆t = 23.73 µm
[18]. As preparation of a collimated photon orbital an-
gular momentum state with a waist on the order of 10 µm
is straightforward, this separation is sufficient.
The orders of magnitude of these parameters are wildly
different for electrons, but good separation is similarly
straightforward. With a needle length of L ∼ 50 µm, an
incident beam waist on the order of 1 µm is physically
reasonable. Separation on the order of ∆t = 0.32 µm
can be achieved in a transmission electron microscope
at 300 kV with λ ∼ 1.97 pm and a corrector period of
d ∼ 1 µm if the focal length of the lens between the
needle and corrector, L1, is f ∼ 100 cm. Several lenses
with focal lengths in the 1 cm to 10 cm range can be
combined to more practically produce a 1 meter focal
length over a much shorter distance.
Table I.
Sorter Parameter Magnitude
λ 1.97 pm
f 100 cm
d 1 µm
b = L 50 µm
Vc0D 38 V · µm
Q/L 42 µC/µm
To review, the parameters of this arrangement are: (a)
the charge Q added to the needle-based unwrapper phase
plate, (b) the length of the needle L, (c) the voltage Vc0
applied to the corrector electrodes, (d) the spatial peri-
odicity d of the corrector electrodes, and (e) the focal
length of the lenses f .
IV. CONCLUSION
Knowledge of interactions in which a free electron ex-
changes OAM with a specimen can lead to insights into
the properties of the object. However, many attempts by
several groups to observe OAM transfer between a pre-
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Figure 4. The simulated (a,b,c) input and (d,e,f) output of the proposed electron OAM sorter using parameters shown in Table
I. Input states are superpositions of Laguerre-Gaussian modes with and a 5 µm beam waist and (a) m = +3 and m = −3, (b)
m = +5 and m = −2, and (c) m = 3 and m = 0. Each electron OAM component at the input gets mapped onto a separate
region in space at the output, which is viewed directly using TEM imaging optics. In this way, a spectrum of electron OAM
states can be efficiently recorded in parallel.
pared focused electron with OAM and an atom have so
far been unsuccessful, due to the fact that electrons are
scattered into a superposition of orbital states. Here we
described an electron-optical analog of the OAM sorter
developed for photons. This device can non-destructively
disperse the spectrum of electron OAM, providing a way
to measure the OAM distribution of electrons scattered
or ejected from atoms, molecules, and larger collections of
matter. Thus, this could provide a completely new form
of spectroscopy that can be used to probe the asymmetric
structure of matter, atomic and molecular polarizations,
and chiral interactions.
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Appendix A: Crosstalk
An important figure of merit for a measurement device is the crosstalk: the rate of erroneous counts that occur
when adjacent measurement outcomes are counted as the outcome of interest. Figure 7 shows the the crosstalk of an
ideal electron orbital angular momentum sorter, simulated with phases shown in 3 and 5 and parameters shown in
Table I.
7(a)
Figure 7. Crosstalk of the electron orbital angular momentum measurement with parameters shown in Table I. A perfect sorter
would have outcome probabilities of exactly 1 for every `measured = `input and 0 elsewhere.
Appendix B: Calculation of phase past charged needle
Here we consider electrons propagating in the z direction past an infinitesimally thin needle of constant charge
density σ = Q/L, where L is the length of the needle. We consider that the needle lies on the −y′-axis with one tip
at the origin and the other located at y = −L. The charged needle is oriented perpendicularly to a conducting plate
that lies parallel to the x− z plane at y = h. The electrostatic potential of this arrangement is
V (r) =
Q
4pi0L
ln
[(
y − h− L+√x2 + (y − h− L)2 + z2
y − h+√x2 + (y − h)2 + z2
)
×
(
y − L+√x2 + (y − L)2 + z2
y +
√
x2 + y2 + z2
)] (B1)
Following [24], we use Eq. 2 to calculate the phase an electron plan wave acquires as it propagates through this
potential:
ϕ(r) =
QCE
2pi0L
[
x sin−1
(
y + 2h√
x2 + (y + 2h)2
)
− x sin−1
(
y − L+ 2h√
x2 + (y − L+ 2h)2
)
+ x sin−1
(
y − L√
(y − L)2 + x2
)
− x sin−1
(
y√
x2 + y2
)
− y ln
( √
x2 + y2√
x2 + (y − L)2
)
+ y ln
( √
x2 + (y + 2h)2√
x2 + (y − L+ 2h)2
)
− L ln
( √
x2 + (y − L)2√
x2 + (y − L+ 2h)2
)
+ 2h ln
( √
x2 + (y + 2h)2√
x2 + (y − L+ 2h)2
)]
.
(B2)
We consider a situation in which the incident electron beam is confined only to the region (x, y) immediately
surrounding the tip of the needle nearest to the plate. Taking the limit of Eq. B2 as the distance h between the
needle and the plate goes to infinity, we see that the first two terms cancel, the sixth and seventh terms go to zero,
and the last term goes to a constant (albeit infinite) phase shift:
ϕ(r) =
QCE
2pi0L
[
x sin−1
(
y − L√
x2 + (y − L)2
)
− x sin−1
(
y√
x2 + y2
)
− y ln
( √
x2 + y2√
x2 + (y − L)2
)]
+ ϕ0,
(B3)
8where ϕ0 is a constant uniform “background” phase that is experimentally unobservable.
We now assume that the length of the needle is large compared to the region of interest, such that L
√
x2 + y2,
although finite in extent. With this approximation, the phase distribution induced onto an electron wave passing
close to the nearest tip of the needle is:
ϕtip(x, y) =
QCE
2pi0L
[
x sin−1
(
x√
x2 + y2
)
+ y ln
(√
x2 + y2
L
)]
+ ϕ0
=
Q
20LλE
[
x arctan
(
x
y
)
+ y ln
(√
x2 + y2
L
)]
+ ϕ0.
(B4)
Eq. B4 is exactly the desired phase of the unwrapper element (Eq. 1) minus a linear phase that can easily be
applied electrostatically by adjusting the bias of two charged plates.
Note that Eq. (4) in [24] does not make the approximations above, and describes the total phase imprinted on an
electron by the full potential of both ends of the needle, as well as those of its image charge in the plate. However,
note that Matteucci et al.’s Equation 4 can be expressed directly in terms of Eq. B4:
ϕ(r′) = ϕtip(x′, y′ + c+ h)
+ ϕtip(x
′, y′ − c− h)
+ ϕtip(x
′,−y′ − c+ h)
+ ϕtip(x
′,−y′ + c− h).
(B5)
Where here we adopting their notation by substituting L = 2c, and use shifted, primed coordinates (x’ = x, y’ = y
+ c - h, z’ = z). This form reveals that the total phase calculated by Matteucci et al. can be interpreted as a sum of
four individual phases induced by each of the two ends of the needle as well as the ends of the “image” of the needle
within the plate electrode.
Appendix C: Phase of corrector element
As the corrector phase solves Laplace’s equation, i.e. ∇2ϕc(u, v) = 0, it is straightforward to generate this phase with
an electrostatic potential V (u, v), following Eq. 2. We can approximate the two-dimensional solution to Laplace’s
equation V (u, v) with a nearly-z-independent three-dimensional solution. The simplest boundary conditions are
constant over a range in z that we’ll call the depth, D. In particular, we can specify the V (u, z) we want with
boundaries at u = 0 and u = u1. In other words,
V (ui, v, z) =
{
V (ui, v) |z| ≤ D2
free elsewhere
(C1)
We investigated these boundaries with a numerical solution to Laplace’s equation. In the range |z| < D2 , we set the
Dirichlet boundary conditions
V (u = 0, v) = Vc0 cos
(
−2piv
d
)
(C2)
V (u = u0, v) = Vc1 cos
(
−2piv
d
)
, (C3)
where Vc0 and Vc1 are the peak potentials at u = u0 = 0 and u = u1, respectively, and d is the period in v. We see
that, to satisfy Laplace’s equation, we must have Vc1 = Vc0 exp
(− 2piu1d ). We used peridoic bondary conditions in v,
and the von Neumann boundary condition ∇V · nˆ = 0 for all other boundaries. We found that, as long as the depth
D was much larger than the period d, i.e. the potential is constant in z over a much longer length scale than it varies
in u and v, the fringing fields were insignificant. Specifically, we found that the potential decayed exponentially with
a decay length d2pi outside the device. The contribution of this tail to the phase scales with d, while the contribution
from inside the device scales with D. The precision of the phase can therefore be arbitrarily increased by increasing
D while holding d constant, up to the limit of the thin grating condition λD  d2. As λ = 1.97 pm for 300 keV
electrons, if d = 1 mm, the device would still act as a thin grating up to D ∼ 106 m.
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Figure 8. (a) Cross-section of simulated potential in the u-z plane at v = 0 showing rapid decay of potential outside the device.
(b) Line plot of a simulated potential at u = 0.3d in the u-z plane showing exponential decay of the potential outside the
device. (blue) Simulated potential V (u = 0.3d, v = 0, z), also shown as blue line in (a); (green) Model of the potential that is
constant inside the device and exponentially decays as V ∝ exp
(
± 2pi(z±D/2)
d
)
outside the device.
This simulation used a period d = 1.0, a depth D = 2.0 (resulting in boundaries at z = ±1.0), arbitary Vc0 , and boundaries at
u = 0, u = 1.0, v = 0, v = 1.0, z = −50.0 and z = 50.0 with a voxel size of 0.01 by 2−5 by 0.01.
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(a) (b)
Figure 9. Simulated phases (potentials). (a) with sinusoidal BCs, (b) with flat electrodes. (grey) outline of electrode.
